Here we investigate the kinetic model for the large deformation theory of hydrogel under the outside stimulations. We present the large deformation dynamical model in the following two points.
Introduction
Gel is a kind of long polymers to form highly randomly crosslinked three-dimensional (3D) reticular structure under external stimuli, which can absorb a large number of solvent molecules. The resulting material is named hydrogel, which is of both solidlike and liquid-like properties. And its behavior is reversible. It is a new kind of polymer material with various applications. Generally, hydrogel has three types of phases: solid phase, liquid phase and ion phase. The dry gel only contains solid phase. It may swell to form a hydrogel when it is immersed into solvent in the absence of mechanical load or geometric constraint. And the solvent molecules could distribute in the gel homogeneously. The network of hydrogel would swell in an inhomogeneous way when it is constrained by an external mechanical force or other e®ects.
Currently there are various research works of chemical experiments [1] [2] [3] [4] [5] and references therein. In chemical experiments, a variety of polymers are used in different physical conditions to design various hydrogels, which are to test the physical properties, e.g. stress-strain relationship. 3 Meanwhile, mathematical models are established to analyze and simulate these new materials. [6] [7] [8] [9] [10] [11] [12] [13] [14] For example, the phase transformation and deformation in di®erent external environments are described by mathematical models from the viewpoint of macroscopic, [15] [16] [17] [18] microscopic 19 and mesoscopic, 20 respectively. Since many hydrogel materials can be formed into the cylindrical shape, we choose a cylindrical hydrogel to investigate the dynamical properties. The cylindrical shape could be described in 3D coordinate named the height, the radius and circle directions. The gel can undergo large deformation and recover to the initial shape. In this paper, we develop a large deformation model to simulate this process. Now we focus on developing a time-dependent model to investigate the kinetic deformation of hydrogel based on Suo's works, 6, 9, 10 which are mainly concerned with the steady-states. In the process of the deformation, the chemical potential is the key quantity since the solvent molecule always migrates from the high chemical potential to the low one. It is a force which is of the same status as the temperature of the heat transformation process. So we naturally introduce the heat conduction equation to describe the transformation of the chemical potential. With the evolution model, we obtain the dynamic process of the cylindrical hydrogel under a force. Meanwhile, we can show that the large deformation ratios vary along the time. In addition, some important parameters are analyzed in the model, including the transport coe±cient of the chemical potential and the force impacting on the end. Furthermore, the relation of stress and strain for the macromolecular microsphere composite (MMC) hydrogel 3 is obtained by this model, which is consistent with the chemical experiments.
The outline of the paper is as follows. In the Sec. 2 we describe the mechanism of the large deformation model. And the kinetic model is derived. The deformation of the cylindrical hydrogel under di®erent external stimuli in both steady and transient states is discussed in Sec. 3 and some key parameters are also studied therein. Some conclusions are drawn in Sec. 4.
The Large Deformation Di®usion Model of Hydrogel
This section is focused on the preliminary large deformation model of hydrogel, including the phase transition description and dynamic equations. 9 Then we extend this model and obtain the dynamics of new practical system.
Non-equilibrium thermodynamics theory
First we introduce the phase¯eld theory of hydrogel proposed by Suo. 9 Here we consider the hydrogel acted by the external force¯eld e®ects. The hydrogel is soaked in solvent as in Fig. 1 . Then we can take it acted by stimulus as follows: gravity¯eld and syringes. The gravity can be all the action of mechanical force. And the syringē eld 10 can be di®erent solvent stimuli, including shrinkage and swelling. In order to establish the model, we set the assumption as follows. On one hand, the hydrogel has the deformation l under the gravity P , which works P l. On the other hand, the hydrogel syringe inject molecules M with chemical potential , which works M.
First we begin to denote the hydrogel. We take the dry gel as a reference conguration and mark it with coordinates X when there is no solvent and any external force. dV ðXÞ and dAðXÞ are the volume element and the area element, respectively. N K ðXÞ is the unit normal vector. We consider that the hydrogel at position X and time t moves to the new position xðX; tÞ. Then the deformation gradient F is
ð2:1Þ
Next we consider the two action¯elds.
(1) The force BðX; tÞ acts on the volume element. The nominal stress s iK ðX; tÞ is introduced to denote the stress on X at time t in the reference state. Then the force balance implies that the following equation is always satis¯ed
Here is the domain of the hydrogel. Thus this is the relation between the action of the force and the nominal stress.
(2) The syringe¯eld. We inject solvent molecules with the chemical potential ðX; tÞ. We denote the molecular number of the volume element in unit time to be rðX; tÞ. In addition, the solvent molecules in the hydrogel also migrate. So we denote the°ux of the molecular number by J K ðX; tÞ. The number density in the volume element is CðX; tÞ. In the whole molecular migration, it is assumed that there is no chemical reaction. Thus we have the conservation law as follows:
ð2:3Þ
The free energy functional
Now, the free energy density functional of the hydrogel W is required. The above two external roles make contribution to the free-energy density functional together. So it Since the total free energy is decreasing, we can adopt
where M KL is symmetric and positive de¯nite tensor, for details can be referred to Ref. 9. The model above talks about the free-energy functional concerning the deformation gradient F and nominal concentration C. But in practice we always know about some information of the chemical potential but the nominal concentration C. We can see that the chemical potential and nominal density C is a pair of functions from (2.7). By using the Legendre transformation, we can transfer the free energy functional into the functional with respect to the chemical potential . Therefore, corresponding to (2.6) and (2.7), we have
As we all know, the hydrogel contains three phases: solid phase, liquid phase and ion phase. The solid phase is mainly formed by polymer network structure. The liquid phase is mainly solvent and the ion phase is free electron in the solvent. We assume that the ion size is negligible. So the volume of the hydrogel mainly contains solid phase and liquid phase. By the de¯nition of FðX; tÞ, we know that the determinant of the deformation tensor det FðX; tÞ is the ratio of volume in the position X at time t, i.e. det FðX; tÞ ¼ dvðXÞ dV ðXÞ , where dvðXÞ is the volume element of the gel at time t. Since the reference state is the dry gel (solid phase), the quantity 1 det FðX;tÞ can describe the volume fraction of the solid phase at position X and time t.
All of the long polymers and small molecules are assumed to be incompressible and there is no void space in the gel. So the incompressibility is expressed as
where n is the number of small molecules in the volume element at time t, v is the volume of each small molecule and CðX; tÞ ¼ n dV ðXÞ . Above we choose the dry gel as a reference state, but we always put external forces on the hydrogel after it swelled. So we choose the free swelling hydrogel as the reference state in the following.
The dry gel¯rstly is immersed in the solvent with the chemical potential 0 and swells freely. Because of the homogenous property, the swelling ratio i of the hydrogel in each direction is the same, i.e. 1 ¼ 2 ¼ 3 , 0 . Thus, the deformation tensor F 0 of the free swelling hydrogel is
ð2:13Þ
Since the gel swells freely, we can get 0 by solving the equation
If we let F 0 be the deformation tensor of the freely swelling hydrogel, then F ¼ F 0 F 0 is the deformation tensor when it takes the dry gel as the reference state. Then we have
Moreover, the nominal strain is
Deformation of the Cylindrical Hydrogel
In this section, we mainly discuss the deformation behavior of the cylindrical hydrogel under di®erent external stimuli, after the hydrogel is formed by swelling freely of the dry gel in the solvent with the chemical potential of 0 . We will investigate the deformation by the model discussed above and compare the results with the experiment. Moreover, we also establish the one-(1D) and two-dimensional (2D) equilibrium model and give the numerical results, respectively. We set the variables of the cylindrical hydrogel as the height H, the radius R and the circle direction . 7 We assume that the deformation ratio is same for di®erent points in one direction. Thus the deformation tensor is
where i ði ¼ 1; 2; 3Þ denote the ratio of the three directions. 17 That is
And det F ¼ 1 2 3 is the ratio of deformation volume. 6 Next we will discuss two main processes. (1) The dry gel¯rst swells freely to form hydrogel in the solvent with the chemical potential 0 . We take it as the reference state. (2) We will act di®erent stimulation. Our aim is to investigate the deformation of steady and dynamical states as shown in Fig. 2 . Now we choose the Flory-Rehner free energy 2 as follows
N is the number of polymer chains in the gel divided by the volume of the dry polymers.
Choose the reference state and parameters for numerical calculation
When the reference state is the dry gel, it will swell freely in the solvent with the chemical potential 0 . Because of the homogenous property, 1 ¼ 2 ¼ 3 , denoted by 0 . We can obtain it by s iK ¼ 0. 13 That is
By the numerical calculation of (3.4), we can get that 0 depends on 0 as shown in Fig. 3 . It is also seen that the dry gel swells greater with the larger chemical potential solvent in Fig. 3 . The calculation parameters are as follows: 0 ¼ À0:01, Fig. 2 . The dry gel¯rst swells freely to form hydrogel in the solvent and is acted by di®erent stimulation.
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Then combination of (2.9), (2.14) and (3.3) yields the free energy functional For simplicity of presentation, we still denote c W 0 ðF 0 ; Þ as W ðF; Þ. In the following we will use this free energy to obtain the equilibrium.
Here it is specially noted that we mainly consider the behavior of the hydrogel in the solvent with the chemical potential 0 that is a parameter for the solvation but explicitly deals with solvation process. However the hydrogels consist of networks of polymer chains that are hydrophilic. It is possible that over 90% of hydrogels mass is water. Therefore, solvation is an important factor in hydrogel behavior. Wei 21 showed a variation derivation of elasticity theory in contact with solvation analysis, including macroscopic°uid, electronic potential and surface. It is a very interesting and practical model. We set up a model in Ref. 22 to consider the description of macromolecules and solvent. But there is no surface and electronic¯eld. In the following we will focus on discussion of this issue.
Equilibrium
We have obtained the freely swelling hydrogel and take it as the new reference state. Now we take out the swelling hydrogel, put it on the rigid plate, and give a force S on the above end of the cylinder. In the following we consider the deformation of the hydrogel under this situation. Since there are no external forces in and r directions, we assume 2 ¼ 3 . Therefore we only consider 1 and 2 . In the equilibrium state, the force in the direction H is the one on the above end. The volume of the hydrogel keeps conserved in the process since it is incompressible. So we can get the nominal strain on the above end from (2.15) We compute the solution of the nonlinear Eq. (3.7) by using the Newton iteration to obtain the relation between the pressure and deformation shown in Fig. 4 . Here we omit the detail since this computation is simple. From Fig. 4 , we can see that the pressure impacts the deformation. When the pressure is large, it is di±cult to make the hydrogel thin. For the stretch case, the elasticity of the ideal hydrogel is very Fig. 4 . The x-axis is the strain Sv=kT and y-axis is the ratio 1 and 2 . Sv=kT > 0 is for the stretch case. Here we can see that 1 (the blue line) increases fast when the force of stretch becomes large, which means the elasticity of the ideal hydrogel is very good while 2 does not keep constant. However, when the pressure is large (the case Sv=kT < 0 with jSv=kT j large), it is di±cult to make the hydrogel thin.
well. And it can be stretched very long and the elasticity is large. Moreover we can see that 2 does not keep constant but it is constant in Ref. 10 .
In particular, we compare the above compressible case with the chemical experiment. The experiment is for the MMC hydrogel, 3 which is a kind of new polymer material and can resist high compression and stretch. Meanwhile it can perfectly recover. The left one in Fig. 5 is the experimental data.
3 Figure 5 shows the relationship between stress and compression percentage. We can see from Fig. 5 that the new MMC hydrogel is not broken when it undergoes large pressure and deformation. The right one in Fig. 5 is the numerical result, which is consistent with the left curve.
Dynamical analysis
In this section, we will simulate the dynamic process for the cylindrical hydrogel under the force S on the above end of the cylinder. Similarly, we will describe the change of 1 ; 2 and .
1D case
Due to the force on the above end, we assume that the di®erent locations have the same deformation at the same height. So each physical quantity in di®erent directions is only related to the height H, i.e. the model is a 1D problem with respect to the height H.
We assume that the deformation on the above end immediately react and level o® when the force is put on the above end. So the size of the above end can be regarded as constant. The reaction on the end cause the change of the chemical potential.
Then the deformation will be transferred downward through the chemical potential.
Here we consider the dynamical process. Now we only have two equations: Eq. (3.7) and the law (2.3) of the number density CðX; tÞ. But the Eq. (3.7) is not satis¯ed anywhere but on the above end. So it becomes a boundary condition. However we have three unknown functions 1 , 2 and to be solved. Therefore now we have to¯nd another relation. Here we adopt the development of the chemical potential.
In the process of the phase transition, the variation of the chemical potential is a force which makes the mass to migrate from the high side to the low one, which is exactly similar to the temperature in the heat transformation process which can make the energy transfer. So we assume that the chemical potential satis¯es a heat equation:
where is a parameter related to the property of hydrogel and f is the body source. We will discuss the e®ect of the parameter in Fig. 14 Here we can see that this system (3.11)-(3.15) is nonlinear equation since depends on C through (2.7) and W depends on 1 , 2 and through (3.5). So it cannot be solved analytically. Next we discuss the initial and boundary conditions. The deformation on the above end will happen immediately, so 1 , 2 and here can be solved by On the other hand, the bottom end is placed on a solid plate, then we have Jð0; tÞ ¼ 0 and
Therefore, we have the following initial and boundary conditions I.C. 
In the following numerical computation, we choose the parameters as 0 ¼ À0:01,
Case 1: Compress (Sv=kT < 0). We set Sv=kT ¼ À8 Â 10 3 . In Fig. 6 , the relation between the deformation and height is presented. We can see that the deformation is transferred downward from the above end. Figure 7 shows that the deformation is fast transferred downward at¯rst then slowly to the steady later. Figure 8 shows that the hydrogel can restore after the force is revoked. Fig. 6 . 1D case. Deformation against height for t ¼ 0:005, t ¼ 0:03, t ¼ 0:2; t ¼ 1. When t ¼ 0:005, there are deformation near H ¼ 1, on which there is the force. Then there is deformation on every point H 2 ½0; 1 but the deformation is di®erent as t ¼ 0:2. When t ¼ 1, we can see that there is similar deformation for each point H 2 ½0; 1. Therefore we can conclude that the deformation is transferred downward from the above end.
Case 2: Stretch (Sv=kT > 0). We set Sv=kT ¼ 8 Â 10 4 .
In Fig. 9 , we can see that the hydrogel can be stretched very long and certainly it is the linear stretch rate.
2D case
In this section we will investigate the dynamic process for the 2D case. Due to the solvent, there are solvent molecules into and out of the hydrogel when it is Fig. 7 . The development of height with time under the compress. The left is the swelling ratio 1 and the right is for 2 . Here 1 decreases fast from large value to zero for H ¼ 1 and the ratio of the radius direction 2 is large for all the time on the above end of the cylinder. It means the deformation on the radius direction is always large to the steady state. Fig. 8 . The deformation ratio 1 against time with or without the compress S. The left part is with the force while the right part is withdrawn this force. Here the ratio 1 at H ¼ 1 fast decreases from a large value to zero when it is given a force. While it increases when the force is withdrawn. It shows that the hydrogel can restore after the force is revoked.
compressed. Therefore, it will have di®erent deformation at di®erent position of the same layer, which make it a 2D question. Next we calculate the ratio 1 ðH; R; tÞ, 2 ðH; R; tÞ and ðH; R; tÞ. Here we rescale H 2 ½0; 1 and the radius R 2 ½0; 1. Thus the heat equation in the cylinder coordinate is
The other two equations read as Here C; J are analogous to (3.14) and (3.15), respectively. Similar to the 1D case, we also need to consider the initial and boundary conditions. On the above end, we assume that it reacts immediately for the compressure. As the 1D case, the initial value and the boundary value is constant. For the bottom end, we choose the same boundary value as the 1D case. Next we discuss the boundary value of the side surface. For R ¼ 0, we have
All in all, they are as follows:
I.C. In the following calculation, we set 0 ¼ À0:
(1) H 2 ½0; 1, R 2 ½0; 1 (Fig. 10) . (2) We set H 2 ½0; 1 and R 2 ½0; 0:3 (thin cylinder, Fig. 11) . (3) We set H 2 ½0; 1, R 2 ½0; 3 (fat cylinder, Fig. 12 ).
From Figs. 10-12, we can see that the swelling ratio of the hydrogel is a®ected by the solvent. Speci¯cally, the deformation from the above end will become di±cultly transformed downward for the thin hydrogel, i.e. the ratio between radius and height is small. While the ratio between radius and height is large, i.e. the hydrogel is fat, the e®ects of the solvent will become weak and the deformation will be easily transformed from the above end. 
Analysis of the parameter sensitivity
(1) Analysis on how the solvent and temperature 0 =kT a®ects the swelling ratios 1 and 2 (Fig. 13) . Now we take the compressure in 1D case for simplicity. Set ¼ 1, Sv kT ¼ 4 Â 10 À3 . It is observed from Fig. 13 that the hydrogel with larger chemical potential is¯lled with more water and is easy to deform. (2) Analysis on the parameter , which is related to the property of the hydrogel (Fig. 14) . We also take the compressure in 1D case for simplicity. We set 0 ¼ À0:02, Fig. 15 ). We also take the compressure in 1D for simplicity. We set 0 ¼ À0:02, ¼ 1. We can easily¯nd from Fig. 15 that the deformation becomes larger as the force becomes larger.
Conclusion
Hydrogel deformation is mainly due to migration caused by small molecules in the 3D reticular structure, including molecular instantaneous local rearrangement and long-time migration. Here we mainly study the large deformation behavior of hydrogel under external stimulation. The large deformation model is extended. First, we know that the tensor F depicts deformation and det F is the volume change. Because the reference state is the dry gel, 1 det F refers to the solid volume fraction. Thus the extended model can describe phase transformation besides the steady state of the large deformation of hydrogel. Second, we introduce the chemical potential equation, which describes the transformation of the chemical potential. Thus we can convert the transformation of the external force into the transformation of the chemical potential. Further we extend the steady model to the kinetic process. Now we also present the dynamic models for a cylindrical hydrogel subjected to pressure or tension. In addition, some important parameters in the model are analyzed, including the transport coe±cient of the chemical potential and the force impacting on the above end. Finally we obtain the relation of stress and strain for the MMC hydrogel, which is consistent with the results from the chemical experiments.
